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(CH) $\{\begin{array}{ll}\partial_{t}u=\Delta u-\nabla\cdot(u\nabla v) x\in \mathbb{R}^{n}, t>0,\partial_{t}v=\Delta v-v+u x\in \mathbb{R}^{n}, t>0,u(x, 0)=u_{0}(x), v(x, 0)=v_{0}(x) x\in \mathbb{R}^{n}.\end{array}$
([2]). ,




$\sup_{t>}(\Vert u(t)\Vert_{L^{q}}+\Vert v(t)\Vert_{L^{q}})<\infty$ for $q=1,$ $\infty$
.
(CH) , 1 [1] , , 2
, [3] $\Vert u_{0}\Vert_{L\infty}$ , $||u_{0}\Vert_{L^{1}},$ $\Vert\nabla v_{0}\Vert_{L^{1}},$ $\Vert\nabla v_{0}\Vert\iota\infty$
, (CH) .
(CH) 2 , [3]
, (CH) ,
.
, 1 (CH) $u_{0}$
, ,
.
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2
. , $(u, v)$ (CH)
, $M,$ $\alpha,$ $\beta(t),$ $\beta,$ $G(x, t)$
$M= \int_{R^{n}}u_{0}dy$ , $\alpha=\int_{\mathbb{R}^{r*}}yu_{0}dy$ , $\beta(t)=\int_{0}^{t}\int_{R^{n}}u\nabla vdyds$ ,
$\beta=\int_{0}^{\infty}\int_{\mathbb{R}^{n}}u\nabla vdyds$ , $G(x, t)=(4\pi t)^{-n/2}$ exp $(- \frac{|x|^{2}}{4t})$
. , $G(x, t)$ . ,
$u_{0},$ $v_{0},$ $\partial_{j}v_{0}\in L^{1}(\mathbb{R}^{n})\cap \mathcal{B}(\mathbb{R}^{n})(1\leq j\leq n)$
. , $\mathcal{B}(\mathbb{R}^{n})$ $\mathbb{R}^{n}$ , .
, . , $v$ $u$
.
2.1. $n\geq 1,1\leq P\leq\infty$ . . .
$\sup_{t>}(1+t)^{n(1-1/p)/2}(\Vert u(t)\Vert_{L^{\rho}}+||v(t)||_{L^{p}})<\infty$ ,
$\lim_{tarrow\infty}t^{n(1-1/p)/2}||u(t)-MG(t)||_{L^{p}}=0$.
, $|x|u_{0}\in L^{1}(\mathbb{R}^{n})$ . , 22
$d(t;p)=\{\begin{array}{ll}\frac{t^{(1-1/p)/2+1/2}}{\log t} n=1,t^{n(1-1/p)/2+1/2} n\geq 2\end{array}$
. , 2.1 .
2.2. $1\leq P\leq\infty$ . $|x|u0\in L^{1}(\mathbb{R}^{n})$ , .
(1) $\sup_{t\geq 2}d(t;p)||u(t)-MG(t)||_{L^{p}}<\infty$ .
(2) $n=1$ , $|\beta(t)|\leq Const.\log(1+t)$ $(t>0)$ ,
$\lim_{tarrow\infty}d(t;p)\Vert u(t)-\{MG(t)-(\alpha+\beta(t))\partial_{x}G(t)\}\Vert_{L^{p}}=0$ .
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(3) $n\geq 2$ , $\beta$ ,
$\lim_{tarrow\infty}d(t;p)\Vert u(t)-\{MG(t)-(\alpha+\beta)\cdot\nabla G(t)\}||_{L^{p}}=0$ .
, $|x|u_{0}\in L^{1}(\mathbb{R}^{n})$ $M=0$ , .
2.3. $n\geq 1,1\leq p\leq\infty$ . $|x|u_{0}\in L^{1}(\mathbb{R}^{n}),$ $M=0$ ,
.
(1) $\sup_{t>}(1+t)^{n(1-1/p)/2+1/2}$ }$|u(t)\Vert_{L^{p}}<\infty$ .
(2) $\beta$ , $\lim_{tarrow\infty}t^{n(1-1/p)/2+1/2}\Vert u(t)+(\alpha+\beta)\cdot\nabla G(t)||_{L^{p}}=0$ .
(CH) 2.1, 22




, . [4] .
3.1. $n\geq 1,1<P\leq\infty$ . , .
(3.1) $sup(1+t)^{n(1-1/p)/2+1/2}\Vert\nabla u(t)$ il $L^{p}<\infty$ ,
$t,\geq 1$
(3.2) $\sup_{t>}(1+t)^{n(1-1/p)/2+1/2}||\nabla v(t)||_{L^{p}}<\infty$ ,
(3.3) $\sup_{t>}(1+t)^{n(1-1/p)/2}||u(t)||_{L^{p}}<\infty$ .
2 , [3] (3.3) , 1
(3.3) 1 \vdash . (3.1) (3.2) .
$t\geq 4,$ $\epsilon\in(0,1/2)$ . , $\beta$
$\beta=0$ if $n\geq 2$ , $\beta\in(0,$ $\frac{1}{2}]$ if $n=1$
. , [3], [4] : $1<P\leq\infty$ ,
(3.4) $\sup_{t>}(1+t)^{n(1-1/p)/2-\beta}(||u(t)||_{L^{p}}+||\nabla v(t)||_{L^{p}})<\infty$.
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, [3] 23 ,
(3.5) $\sup_{t>}\Vert\nabla v(t)||_{L^{\rho}}<\infty$ for $1\leq p\leq\infty$
. , (3.1) . 2 .
1 . (CH) $u$ :
(3.6) $u(t)=e^{t\Delta}u_{0}- \int_{0}^{t}\nabla\cdot e^{(t-s)\Delta},(u\nabla v)(s)ds$
, $e^{t\Delta}f$ $e^{t\Delta}f= \int_{R^{\mathfrak{n}}}G(x-y, t)f(y)dy$ . (3.6) , $\nabla u(t)$
$\nabla u(t)=\nabla e^{t\Delta}u_{0}-\int_{0}^{(1-\epsilon)t}\nabla\nabla\cdot e^{(t-\epsilon)\Delta}(u\nabla v)(s)ds$
$- \int_{(1-\epsilon)t}^{t}\nabla e^{(t-s)\Delta}(\nabla u\cdot\nabla v)(s)ds$
$- \int_{(1-\epsilon)\ell}^{t}\nabla e^{(t-s)\Delta}(u\Delta v)(s)ds.=\nabla e^{t\Delta}u_{0}-I_{1}^{\epsilon}(t)-I_{2}^{\epsilon}(t)-I_{3}^{\epsilon}(t)$
. $e^{t\Delta}f$ $L^{p}-L^{q}$ (3.4), (3.5) , $\Vert I_{1}^{\epsilon}(t)\Vert_{L^{p}},$ $||I_{2}^{\epsilon}(t)||_{L^{p}},$ $||I_{3}^{\epsilon}(t)\Vert_{L^{p}}$
$||I_{1}^{\epsilon}(t)||_{L^{p}} \leq C\int_{0}^{(1-\epsilon)t}(t-s)^{-n(1-1/p)/2-1}||u(s)||_{L^{\infty}}||\nabla v(s)||_{L^{1}}ds$
$\leq C\int_{0}^{(1-\epsilon)t}(t-s)^{-n(1-1/p)/2-1}(1+s)^{-n/2+\beta}ds$
$\leq C\epsilon^{-n(1-1/p)/2-1}t^{-n(1-1/p)/2-1}\cross\{\begin{array}{ll}t^{1/2+\beta} if n=1,\log t if n=2,1 if n\geq 3,\end{array}$
$||I_{2}^{\epsilon}(t)||_{L^{p}} \leq C\int_{(1-\epsilon)t}^{t}(t-s)^{-1/2}\Vert\nabla u(s)\Vert_{L^{p}}\Vert\nabla v(s)||_{L\infty}ds$
$\leq C\int_{(1-\epsilon)t}^{\ell}(t-s)^{-1/2_{S}-n/2+\beta}\Vert\nabla u(s)||_{L^{p}}ds$,
$||I_{3}^{\epsilon}(t)||_{L^{p}} \leq C\int_{(1-\epsilon)t}^{t}(t-s)^{-1/2}s^{-n/2+\beta}\Vert\Delta v(s)\Vert_{L^{p}}ds$
.
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, $\Vert\triangle v(s)||_{L^{p}}$ . $s\geq 2$ . (CH) $v$
, $\Delta v(s)$
$\Delta v(s)=e^{-s}\nabla\cdot e^{s\Delta}\nabla v_{0}+\int_{0}^{(1-\epsilon)s}e^{-(s-\xi)}\Delta e^{(s-\xi)\Delta}u(\xi)d\xi$
$+ \int_{(1-\epsilon)s}^{s}e^{-(s-\xi)}\nabla\cdot e^{(s-\xi)\grave{\Delta}}\nabla u(\xi)d\xi$
$=e^{-\epsilon}\nabla\cdot e^{s\Delta}\nabla v_{0}+$. $J_{1}^{\epsilon}(s)+J_{2}^{\epsilon}(s)$ .
.
, $F(t)$
$F(t)= \sup_{1\leq s\leq t}s^{n(1-1/p)/2+1/2}||\nabla u(s)||_{L^{p}}$ .
. $e^{t\Delta}f$ $L^{p}-L^{q}$ , $\Vert J_{1}^{\epsilon}(s)\Vert_{L^{p}},$ $\Vert J_{2}^{\epsilon}(s)\Vert_{L^{p}}$
$||J_{1}^{\epsilon}(s)||_{L^{p}} \leq C\int_{0}^{(1-\epsilon)s}e^{-(s-\xi)}(s-\xi)^{-n(1-1/p)/2-1}||u(\xi)||_{L^{1}}d\xi$
$\leq C\epsilon^{-n(1-1/p)/2-3/2_{S}-n(1-1/p)/2-1/2}$ ,
$||J_{2}^{\epsilon}(s) \Vert_{L^{p}}\leq C\int_{(1-\epsilon)s}^{s}e^{-(s-\xi)}(s-\xi)^{-1/2}\Vert\nabla u(\xi)||_{L^{p}}d\xi$
$\leq F(s)\int_{(1-\epsilon)s}^{s}e^{-(s-\xi)}(s-\xi)^{-1/2}\xi^{-n(1-1\oint p)/2-1/2}d\xi$
$\leq Cs^{-n(1-1/p)/2-1/2}F(s)$




. , $C$ $C>1$ .
$\epsilon$
$\epsilon=t^{-2\beta}/4C^{2}$ . $\epsilon$ $\epsilon\in(0,1/2)$ ,





.$n=1$ $(3-1/p)\beta\in(0,1/2$ ] $\beta$ .
$(3-1/p)\beta\in(0,1/2]$ $\beta$ , (3.8) $\beta\in(0,1/2$ ] ,
$\Vert\partial_{x}u(t)!|_{L^{\rho}}\leq Ct^{-(1-1/p)/2-1/2+\beta}$ for $t\geq 4$
. , [3] 23 ,
(3.9) $||\partial_{x}v(t)||_{L^{\rho}}\leq C(1+t)^{-(1-1/p)/2-1/2+\beta}$ for $t>0$
.
$n\geq 2$ $\beta=0$ , (3.8) (3.1) (3.2) .





. $e^{t\Delta}f$ $L^{p}-L^{q}$ (3.4), (3.9) , $||I_{1}(t)||_{L^{p}}$
$||I_{1}(t)||_{L^{p}} \leq C\int_{0}^{t/2}(t-s)^{-(1-1/p)/2-1/2}||u(s)||_{L^{2}}||\partial_{x}v(s)||_{L^{2}}ds$
$\leq Ct^{-(1-1/p)/2-1/2+2\beta}$
, $r$ $1<r<P,$ $1/2-(1/r-1/p)/2>0$ , $||I_{2}(t)\Vert_{L^{p}}$




. , $\beta\in(0,1/4$] , (3.6) , (3.3) .
(3.1), (3.2) . (3.3) [3] 2.3 ,
(3.10) $||\dot{\partial}_{x}v(t)\Vert_{L^{p}}\leq C(1+t)^{-(1-1/p)}$ for $t>0$
. , $\beta=0$ 1 , (3.1) . , (3.1)
[4] 34 , (3.2) .
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4 2.1
, 2.1 . ,
. 2.1 . [4] .
4.1. $1\leq P\leq\infty$ . , .
(4.1) $\sup_{t\geq}d(t;p)\Vert I(t)\Vert_{L^{\rho}}<\infty$
, $I(t)= \int_{0}^{t}\nabla\cdot e^{(\ell-s)\Delta}(u\nabla v)(s)ds$ .
$t\geq 2$ . $I(t)$ .
$I(t)=( \int_{0}^{t/2}+\int_{/2}^{t})\nabla\cdot e^{(t-s)\Delta}(u\nabla v)(s)ds:=I_{1}(t)+I_{2}(t)$
$e^{t\Delta}f$ $L^{p}-L^{q}$ 3.1 , $||I_{1}(t)||_{L^{p}},$ $||I_{2}(t)\Vert_{L^{p}}$
$||I_{1}(t)||_{L^{p}}\leq Ct^{-n(1-1/p)/2-1/2}\cross\{\begin{array}{ll}1ogt n=1,1 n\geq 2.\end{array}$ $||I_{2}(t)||_{L)}\leq Ct^{-n(1-1/p)/2-.n/2}$
. , 4.1 .
5 2.2
22 , .
5.1. $n\geq 1,1\leq P\leq\infty$ . ,
(5.1) $\lim_{tarrow\infty}d(t;p)||I(t)-\beta(t)\cdot\nabla G(t)||_{L^{p}}=0$
.
, 22 . 5.1 .
2.2 . $|x|u0\in L^{1}(\mathbb{R}^{n})$ ,
$||e^{t\Delta}u_{0}-MG(t)||_{L^{p}}\leq Ct^{-n(1-1/p)/2-1/2}$
. , 41 , 22 (1) .
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, $u(t)$ 5.1
(5.2) $\lim_{tarrow\infty}t^{n(1-1/p)/2+1/2}\Vert e^{t\Delta}u_{0}-MG(t)+\alpha\cdot\nabla G(t)\Vert_{L^{p}}=0$
(5.3) $\lim_{tarrow\infty}d(t;p)\Vert u(t)-\{MG(t)-(\alpha+\beta(t))\cdot\nabla G(t)\}||_{L^{p}}=0$
.
, (3.2), (3.3) $t>0$ ,
$\{\beta(t)|\leq C\cross\{\begin{array}{ll}\log(1+t) n=1,1 r|, \geq 2.\end{array}$
, , $||\nabla G(t)||_{L^{p}}\leq Ct^{-n(1-1/p)/2-1/2}$ , 2 , (5.3)
$\beta(t)$ $\beta$ .











$1mt^{n(1-1/p)/2+1/2}||P(t)\cdot\nabla G(t)||_{L^{p}}=0$, $t \lim d(t;p)||Q(t)||_{L^{p}}=0$
. [4] . , (5.4), (5.5) ,
$\lim_{tarrow\infty}d(t;p)\Vert v(t)-\{MG(t)-(\alpha+\beta(t))\cdot\nabla G(t)\}||_{L^{p}}=0$
. 2 , $u(t)$ $\beta(t)$ $\beta$
.
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5.1 . $\epsilon\in(0,1)$ . $I(t)-\beta(t)\cdot\nabla G(t)$
.
$I(t)-V(t) \cdot\nabla G(t)=\int_{0}^{t}\int_{R^{n}}\nabla G(x-y, t-s)\cdot u(y, s)\nabla v(y, s)dyds$
$- \int_{0}^{t}\int_{R^{\mathfrak{n}}}\nabla G(x, t)\cdot u(y, s)\nabla v(y, s)dyds$
$=K_{1}^{\epsilon}(t)+K_{2}^{\epsilon}(t)+K_{3}^{\epsilon}(t)+K_{4}^{\epsilon}(t)+K_{5}^{\epsilon}(t)$ ,
,
$K_{1}^{\epsilon}(t)= \int_{\epsilon\ell/2}^{t}\int_{R^{n}}\nabla G(x-y, t-s)\cdot u(y, s)\nabla v(y, s)dyds$ ,
$K_{2}^{\epsilon}(t)=- \int_{\epsilon t/2}^{t}\int_{\mathbb{R}^{n}}\nabla G(x, t)\cdot u(y, s)\nabla v(y, s)dyds$ ,
$K_{3}^{\epsilon}(t)= \int_{0}^{\epsilon t/2}\int_{|y|\geq\epsilon\sqrt{t}}\nabla G(x-y, t-s)\cdot u(y, s)\nabla v(y, s)dyds$ ,
$K_{4}^{\epsilon}(t)=- \int_{0}^{\epsilon t/2}\int_{|y|\geq\epsilon\sqrt{t}}\nabla G(x, t)\cdot u(y, s)\nabla v(y, s)dyds$ ,
$K_{5}^{\epsilon}(t)= \int_{0}^{\epsilon t/2}\int_{|y|\leq\epsilon\sqrt{t}}\{\nabla G(x-y, t-s)-\nabla G(x, t)\}\cdot u(y, s)\nabla v(y, s)dyds$ .
.
(3.2), (3.3) $e^{t\Delta}f$ $IP-L^{q}$ , $||K_{1}^{\epsilon}(t)\Vert_{L^{p}}$




$||K_{2}^{\epsilon}(t) \Vert_{L^{p}}\leq\int_{\epsilon t/2}^{\ell}\int_{R^{n}}|u(y, s)||\nabla v(y, s)|dyds||\nabla G(t)||_{L^{p}}$
$\leq Ct^{-n(1-1/p)/2-1/2}\int_{\epsilon t/2}^{t}||u(s)||_{L^{2}}\Vert\nabla v(s)||_{L^{2}}ds$
$\leq C\epsilon^{-n/2-1/2}t^{-n(1-1/p)/2-n/2}$ ,
$||K_{4}^{\epsilon}(t)||_{L^{p}} \leq Ct^{-n(1-1/p)/2-1/2}\int_{0}^{\epsilon t/2}\int_{|y|\geq\epsilon\sqrt{t}}|u(y, s)||\nabla v(y, s)|dyds$
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., Minkowski , $||K_{3}^{\epsilon}(t)\Vert_{L^{p}},$ $||K_{6}^{\epsilon}(t)\Vert_{L^{p}}$
$\Vert K_{3}^{\epsilon}(t)\Vert_{L^{p}}\leq\int_{0}^{\epsilon t/2}\int_{|y|\geq\epsilon\sqrt{t}}||\nabla G(\cdot-y, t-s)\Vert_{L^{p}}|u(y, s)||\nabla(y, s)|$dyds
$\leq Ct^{-n(1-1/\rho)/2-1/2}\int_{0}^{\epsilon t/2}\int_{|y|\geq\epsilon\sqrt{t}}|u(y, s)||\nabla v(y, s)|dyds$.
$||K_{5}^{\epsilon}(t)||_{L^{p}} \leq\int_{0}^{\epsilon t/2}.\int_{|y|\leq\epsilon\sqrt{t}}||\nabla G(\cdot-y, t-s)-\nabla G(\cdot, t)||_{L^{\rho}}|u(y, s)||\nabla v(y, s)|dyds$
.
, ,
$sup\Vert\nabla G(\cdot-y, t-s)-\nabla G(\cdot, t)\Vert_{L^{p}}\leq C\epsilon t^{-n(1-1/p)/2-1/2}$ .
$0\leq s\leq\epsilon t/2,|y|\leq\epsilon\sqrt{t}$
, (3.2), (3.3) $t\geq 2$ ,
$\prime_{0}^{\epsilon t/2}\int_{|y|\leq\epsilon\sqrt{t}}|u(y, s)||\nabla v(y, s)|dyds$
$\leq\int_{0}^{t}||u(s)\Vert_{L^{2}}||\nabla v(s)||_{L^{2}}d_{S}\leq C\cross\{\begin{array}{ll}log t n=1,1 n\geq 2.\end{array}$
. ,
$\Vert K_{5}^{\epsilon}(t)\Vert_{L^{p}}\leq\frac{C\epsilon}{d(t;p)}$ for $t\geq 2$
.
, $||K_{k}^{\epsilon}(t)||_{L^{p}}(1\leq k\leq 5)$ , $t\geq 2$ ,
(5.6) $d(t;p)||I(t)-\beta(t)\cdot\nabla G(t)||_{L^{p}}\leq C_{\epsilon}C(t)+CD(t)+C\epsilon$
. ,
$C_{\epsilon}=C_{\mathcal{E}}^{-n(1-1/p)/2-n/2-1/2}(1+\epsilon^{n(1-1/p)/2})$ , $C(t)=\{\begin{array}{ll}\frac{l}{\log t} n=1,t^{-n/2+1/2} n\geq 2,\end{array}$
$D(t)= \int_{0}^{\epsilon t/2}\int_{|y|\geq\epsilon\sqrt{t}}|u(y, s)||\nabla v(y, s)|dydsx\{\begin{array}{ll}\frac{l}{\log t} n=1,1 n\geq 2.\end{array}$
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., .
(5.7) $\lim_{t\infty \text{ }}D(t)=0$
2 (3.2), (3.3) , (5.7) ’ .
, 1 (5.7) .
[4] 33 4.1 ,
$\int_{|y|\geq\epsilon\sqrt{t}}|e^{s\Delta}u_{0}(y)|dy\leq C$exp $(- \frac{\epsilon^{2}t}{32s})+\int_{|y|\geq\epsilon \text{ }O/2}|u_{0}(y)|dy$.
$\int_{|y|\geq\epsilon\sqrt{t}}|I(y, s)|dy\leq||I(s)||_{L^{1}}\leq C(1+s)^{-1/2}\log(2+s)(s>0)$
, (3.2) , $D(t)$
$D(t) \leq\frac{l}{\log t}\int_{0}^{\epsilon t/2}||\partial_{y}v(s)\Vert_{L}\infty ds\int_{|y|\geq\epsilon\sqrt{t}}|\tau\iota(y.s)|dy$
$\leq\frac{C}{\log t}\int_{\epsilon/16}^{\infty}\frac{e^{-\xi}}{\xi^{2}}d\xi+C\int_{|y|\geq\epsilon\sqrt{t}/2}|u_{0}(y)|dy+\frac{C}{\log t}$ ,
. . (5.7) .
$C(t)arrow 0,$ $D(t)arrow 0(tarrow\infty)$ , (5.6) ,
$\lim_{tarrow}\sup_{\infty}d(t;p)||I(t)-\beta(t)\cdot\nabla G(t)||_{L^{p}}\leq C\epsilon$
. $\epsilon$ , 5.1 .
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